The boxicity of a graph G, denoted by box(G), is the least positive integer ℓ such that G can be isomorphic to the intersection graph of a family of boxes in Euclidean ℓ-space, where box in an Euclidean ℓ-space is the Cartesian product of ℓ closed intervals on the real line. Let k and d be two positive integers with k ≥ 2d.
Introduction
Given a collection D of subsets of a set Υ, the intersection graph of D is defined as the graph with vertex set D such that two elements of D are adjacent if and only if their intersection is non empty. A ℓ-box is the Cartesian product [x 1 , y 1 ] × . . . × [x ℓ , y ℓ ] of ℓ closed intervals of the real line. The boxicity of a graph G, denoted by box(G), is the least positive integer ℓ such that G can be isomorphic to the intersection graph of a family of ℓ-boxes in Euclidean ℓ-space. For computing the boxicity of a graph is NP-hard proved by Mihalis Yannakakis in [13] . It is easy to observe that: box(G) = 1 if and only if G is an interval graph. It is used as a measure of the complexity of ecological [16] and social [10] networks, and has applications in fleet maintenance [14] . Varies bounds for boxicity of a graph in terms of maximum degree, acylic chromatic number, weak r-coloring number, genus etc., have been studied by several authors see for example in ( [1] , [5] , [6] , [8] , [9] [11], [12] ). In [6] , Sunil Chandran, etc., proved that, box(G) ≤ 2∆(G) 2 , for any graph G and they raised the question that: Whether the boxicity is bounded by linear in the maximum degree ∆. For answer this question, several others are trying to give a solution for this problem. See for example in [11] .
Let k and d be two positive integers with k ≥ 2d. The circulant graph G d k is the graph with vertices set V (G d k ) = {a 0 , a 1 , . . . , a k−1 } and edge set E(G d k ) = {a i a j | d ≤ |i − j| ≤ k − d}. It plays an importation role in circular chromatic number, see [17] . They also called, this graph as a circulant clique graph.
The chromatic number of a graph G, denoted by χ(G), is the least positive integer r such that there exists a proper s-coloring of G, that is, the vertex set
We recall a result of Roberts in [15] .
In [2] , Akira Kamibeppu pointed out as the following. Bhowmick and Chandran [3] proved that box(G) ≤ χ(G) holds for a graph G with no asteroidal triples. Akira Kamibeppu remarked that box(G) ≤ χ(G) does not hold in general. They considered the graph H obtained from a balanced complete bipartite graph with at least 10 vertices by removing a perfect matching. Then box(H) > 2 = χ(H) holds (see [4] for detail). Chandran, Mathew and Rajendraprasad [7] remarked that almost all graphs have boxicity more than their chromatic number. In this direction, Akira Kamibeppu in [2] gave a sufficient condition for a graph G under which box(G) ≤ χ(G) holds. Moreover they showed that box(G) ≤ χ(G) holds for a graph G in a special family of circulant graphs with an asteroidal triple as follows. Further, They raised the following problem.
Note that, the proofs of the above results are lengthy in [2] and these results are particular class of circulant graph. In this short note, we prove that χ(G d k ) ≥ box(G d k ), for any k ≥ 2d. This include all circulant graph G d k . Our proof is very simple and short. This answer the above problem by affirmative.
The main result.
We recall the definition of join of two graphs. Let G and H be two vertex disjoint graphs. The join of G and H is the graph
We need the following lemma to prove the main result.
Lemma 2.1
For any consecutive set of at most d-vertices in G d k , there is an interval super graph of G d k .
Proof. Let W be any set of r-consecutive vertices in G d k , where 1 ≤ r ≤ d. WLOG, W = {a 0 , a 1 , . . . , a r−1 }, because G d k is vertex transitive. Then W is an independent subset of G d k . Let H be the complete graph with vertex set {a r , . . . , a d−1 } ∪ {a d+r , . . . , a k−1 } and S be the complete graph with vertex set {a d , . . . , a d+r−1 }. Define G W be the graph
where T is an induced subgraph of T . Then clearly G W is a super graph of G d k . Note 1. The only non-adjacent vertices of G W are in W ∪ {a d , . . . , a d+r−1 }. More precisely, No two vertices in W are adjacent in G W and for 1 ≤ i ≤ r − 1, a i , a d+j are non-adjacent in G W , for all 0 ≤ j ≤ i − 1.
To prove G W is an interval graph. The following are an interval representation of G. For 0 ≤ i ≤ r − 1, assign the single interval {1/d − i + 1} to a i and assign the interval [0, 1/d − i + 1] to a d+i . For r ≤ i ≤ d − 1 or d + r ≤ i ≤ k − 1 assign the interval [0, 1] to a i .
From the Notes 1 and 2, G W is an interval graph. Proof. By the division algorithm, k = ⌊k/d⌋d + r, where 0 ≤ r ≤ d. We know that, χ(G d k ) = ⌈k/d⌉ (see [17] ).
. . , a id−1 }, for 1 ≤ i ≤ ⌊k/d⌋ and V ⌈k/d⌉ = {a ⌊k/d⌋d , a ⌊k/d⌋d+1 , . . . , a ⌊k/d⌋d+r−1 }. Clearly, V i ∩ V j = ∅, for 1 ≤ i, j ≤ ⌈k/d⌉ with i = j and V i is an independent subset of G d k , for 1 ≤ i ≤ ⌈k/d⌉. Then by Lemma 2.1, for each i,
Consider vertices x and y in G d k . If they are adjacent in G d k , then they are adjacent in each G V i , for 1 ≤ i ≤ ⌈k/d⌉, because G V i is a super graph of G d k . It remains to show that if x and y are not adjacent in G d k , then they are not adjacent in at least one G V i 's. Suppose if x, y ∈ V i , for some i, then they are not adjacent in G V i . Therefore, by the definition of G d k , x ∈ V i and y ∈ V i+1 , for some i (where the addition in subscript is taken modulo over ⌈k/d⌉ + 1), then they are not adjacent in G V i . Hence box(G d k ) ≤ χ(G d k ), by Theorem 1.1.
